For relativistic heavy ion collisions, the Bjorken formula is very useful for the estimation of the initial energy density once an initial time τ0 is specified. However, the formula is only valid when τ0 is much bigger than the finite time it takes for the two nuclei to cross each other, therefore it cannot be trusted at low energies, below √ s NN ∼ 50 GeV for central Au+Au collisions. In this study we extend the Bjorken formula by including a time profile for the initial energy production. Analytical solutions for the formed energy density as functions of time are derived for several time profiles, and we find that at low energies they are much less sensitive to the uncertainty of the formation time. Compared to the Bjorken formula, the maximum energy density are much lower while the width of the energy density time evolution is much bigger at low energies. Comparisons with results from a multi-phase transport confirm the key features of these solutions. This work thus provides a general model for the initial energy production of relativistic heavy ion collisions, especially at low energies.
I. Introduction. Relativistic heavy ion collisions aim to create the quark-gluon plasma (QGP) and study its properties [1, 2] . Therefore it is important to better understand the initial energy production, including the maximum value and time evolution of the energy density in the overlap volume. For low energies such as the Beam Energy Scan at the Relativistic Heavy Ion Collider, the relationship between the time evolution of the energy density or net-baryon density and the possible critical point of QCD becomes important [3, 4] . The Bjorken formula [5] is a very useful tool in estimating the initial energy density at mid-rapidity right after the two nuclei pass each other:
In the above, A T represents the full transverse area of the overlap volume, and dE T /dy is the rapidity density of the transverse energy at mid-rapidity (at an early time t), which is often approximated with the experimental dE T /dy value in the final state. Since the Bjorken energy density diverges as t → 0, a finite value is needed for the initial time τ 0 [2] . Considering that the production of a particle takes a finite formation time τ F , one can take the Bjorken formula at time τ F to obtain the initial formed energy density. A severe limitation of the Bjorken formula results from the fact that it neglects the finite thickness of the colliding nuclei (along the beam direction z), which leads to a finite duration time for the initial energy production. Using a hard-sphere model for the nucleus, it will take the following time for two nuclei of the same atomic weight A to cross each other in a central collision in the centerof-mass frame [6] :
where y CM is the projectile rapidity in the center-ofmass frame and R A is the nuclear radius. Therefore the Bjorken formula is only valid when the duration time (or crossing time) is much smaller than the formation time τ F [2] . As an example, for τ 0 = 0.5 fm/c, the Bjorken formula cannot be applied for central Au+Au collisions below √ s NN = 50 GeV since d t ≈ 0.5 fm/c there.
Our goal of this study is to derive a Bjorken-like formula so that it is also valid at low energies where the Bjorken formula breaks down. We accomplish this by including the finite crossing time in the time profile of the initial energy production. We focus on the formed energy density, averaged over the full transverse overlap area, at mid-rapidity in the center-of-mass frame of central collisions of two identical nuclei.
II. Method. The Bjorken formula assumes that the initial energy production at rapidity y = 0 only occurs at time t = 0 on the z = 0 plane. Considering the finite crossing time of the two nuclei, the initial energy production actually goes on throughout this period of time; therefore let us write the production rate of the initial transverse energy rapidity density at time x as d 2 E T /dy/dx. Figure 1 shows a schematic picture, where the two nuclei come into contact at time 0 and pass each other at time d t . Thus there could be particle productions at any time
The two diagonal lines in Fig. 1 represent the light-cone boundaries; and we neglect the possible finite width in z for the initial energy production, except for the results from a multi-phase transport (AMPT) model [7] . To obtain analytical results, we make minimal extensions to the Bjorken formula framework [5] , thus we also assume massless particles and neglect secondary particle interactions or the transverse expansion.
Let us evaluate the energy density within a narrow region −d ≤ z ≤ d at time t > d t . For a particle produced at time x to stay within this z-region, its rapidity (or pseudo-rapidity) needs to satisfy ways be made small with small-enough d. Therefore the average energy density in this region at time t is
From now on we shall study the formed energy density by assuming a finite formation time τ F for the produced particles. A similar analysis gives the following average formed energy density at any time t ≥ τ F as
As in the Bjorken formula, (t < τ F ) = 0. However, an important feature of the above formula is that it applies to early times when the two nuclei are still crossing each other (i.e. t ≤ d t + τ F ).
To proceed further, we will next take specific forms for the time profile of the initial energy production d 2 E T /dy/dx. III. Results. For simplicity, we first assume that the initial energy is produced uniformly from time t 1 to t 2 (with t 21 ≡ t 2 − t 1 ):
Note that we only need the above assumption to apply at y ∼ 0. Also, we have not related t 1 and t 2 to d t for the sake of generality. An illustration of this time profile is shown as the dashed curve in Fig. 2 . Equation (5) then gives the following solution for the formed energy density:
One can easily verify that, for t 1 = 0 and t 2 /τ F → 0, this solution reduces to the Bjorken formula of Eq.(1).
Time profiles for the initial energy production at midrapidity: a uniform profile (dashed curve), beta profiles with integer powers n = 1 to 5 (solid curves), and a triangular profile (dot-dashed). Circles represent the time profile of partons within mid-spacetime-rapidity from the string melting AMPT model for central Au+Au collisions at √ s NN = 11.5 GeV.
Qualitatively, this energy density starts from 0 at time t 1 + τ F , grows smoothly to the following maximum value max at time t 2 + τ F , and then decreases abruptly after the energy production stops:
Compared to the maximum energy density Bj (τ F ) given by the Bjorken formula, we have max uni
Therefore the max value above is always smaller than the Bjorken initial energy density: max Bj (τ F ) at low energies where τ F /t 21 is small, while at high energies max ≈ Bj (τ F ). Furthermore, as τ F /t 21 → 0, the peak energy density max grows as ln(1/τ F ), much slower than the 1/τ F growth of the Bjorken formula. This means that, after taking into account the finite crossing time, the maximum energy density achieved will be much less sensitive to the uncertainty of τ F , especially at lower energies where t 21 ∼ O(d t ) is bigger. In addition, Eq. (7) shows that the initial energy density at time later than t 2 + τ F is independent of τ F . We shall see that these features are general and also apply to the other time profiles.
Due to the typical spherical shape of a nucleus, there will be few primary nucleon-nucleon interactions when the two nuclei barely touch or almost pass each other, while there will be many such interactions when the two nuclei fully overlap (around time d t /2). We thus expect the time profile of the initial energy production to peak around time d t /2 while diminish at time 0 and d t . Therefore we can choose the following time profile based on the probability density function of the beta distribution with equal shape parameters:
In the above, power n does not need to be an integer, and a n = 1/d 2n+1 t /B(n + 1, n + 1) is the normalization factor with B(α, β) being the Beta function. This smooth beta profile reduces to a uniform profile when n = 0; with an appropriate value of n it can also well describe the transport model time profile, as shown in Fig. 2 . We obtain the following solution for the formed energy density:
(n + 1)B(n + 1, n + 1) t * F 1 n + 1, −n, 1, n + 2,
F 1 above is the Appell hypergeometric function of two variables, and 2 F 1 is the Gaussian hypergeometric function. One can verify that for n = 0 the above solution reduces to Eq. (7) for
We now apply these solutions to central Au+Au collisions. The nuclear transverse area is taken as
where A = 197. We take the mid-rapidity dE T /dy as the following data-based parameterization [8] :
where √ s NN must be greater than 2.35 in the unit of GeV.
Also, we take N part = A for central collisions. Bj (t) = 1/(A T t)dE T /dy for t ≥ τ F (and = 0 for t < τ F ). We have taken n = 4 for the beta profile according to Fig. 2 , and we take the naive choice of t 1 = 0 and t 2 = d t for the uniform profile in Fig. 3 . At 4.84 GeV, we see that the time evolution of the energy density in either time profile has a much bigger width (e.g. full width at half maximum) than the Bjorken results, while the maximum energy density is much lower than the corresponding Bjorken value for the same τ F . As expected, our maximum initial energy density max changes by a much smaller factor of 2.1 (uniform profile) or 2.5 (beta profile) when τ F changes from 0.1 to 0.9 fm/c; while the Bjorken initial energy density changes by a factor of 9. On the other hand, our results at 200 GeV are much closer to (although still different from) the Bjorken results; this is expected since the crossing time there (d t ≈ 0.12 fm/c) is very small. For both energies, our results approach the Bjorken results at late times.
Both the Bjorken formula and our method have neglected secondary particle interactions and the transverse expansion, which could affect the time evolution of the energy density. These dynamics can be described by transport models such as AMPT [7] or hydrodynamical models [9, 10] . Now we compare our analytical solutions with results from the string melting AMPT model, which includes a conversion of excited strings into a parton matter, partonic scatterings, a quark coalescence for hadronization, and hadronic scatterings. For this study, the string melting AMPT model [7] has been improved by including the finite thickness of nuclei [11] , then we calculate the average local energy density (over the hardsphere transverse area A T ) for partons at mid-spacetimerapidity following the method of an earlier study [12] . Circles in Fig. 2 represent the distribution of production time of partons within mid-spacetime-rapidity from AMPT for central (b = 0 fm) Au+Au collisions at √ s NN = 11.5 GeV [11] . We thus take n = 4 for the beta time profile, since this can reasonably describe the AMPT time profile. To get the same mean and standard deviation as the beta profile, we set t 1 = 0.29d t & t 2 = 0.71d t for the uniform profile. from the uniform and beta profiles here are quite close to each other once the uniform profile is set to the same mean and standard deviation as the beta profile. Curves with filled and open circles are respectively the AMPT results with and without the finite nuclear thickness (after small shifts in time that help account for the difference between the Woods-Saxon distribution and the hard-sphere model of the nucleus). Note that the AMPT results are generally wider in time; partly because the parton formation time in AMPT is not set as a constant but is inversely proportional to the parent hadron transverse mass [7] ; we find that the parton formation time distribution at mid-spacetime-rapidity has a mean value of ∼ 0.3 fm/c but has a long tail. Secondary parton scat-terings and the transverse expansion in AMPT can also cause differences from the analytical results. Overall, we see that the AMPT results without considering the finite nuclear thickness are similar to the Bjorken results, while the AMPT results including the finite thickness are similar to our analytical results. 
